In this paper, we define Riesz transforms for Dunkl transform for L ∞ (m k ) in a weak sense. Then we will define Dunkl-type BM O space and prove the boundedness of Riesz transform from L ∞ (m k ) to Dunkl-type BM O space, and show that the BM O space can be characterized by Riesz transforms and is the dual space of the Hardy space H 1 △ in Dunkl setting. 1991 Mathematics Subject Classification. 42A, .
Introduction
Recall that if T is a bounded operator on L 2 (R m ), and K be a function on It is well known the Riesz transform is bounded on L 2 (R m ) and that the integral kernels K εN = K ε − K N satisfies (??) uniformly in ε and N , and so is a bounded operator from L ∞ to BM O space. For any function ϕ, ϕ ∈ BM O if and only if ϕ = ϕ 0 + n j=1 R j (ϕ j ), where ϕ 0 , ϕ 1 , . . . , ϕ j ∈ L ∞ , and the BM O space is the dual space of the Hardy space H 1 . In this paper we will extend analogous results to the context of Dunkl theory. In [2] , the L p -boundedness1 < p < ∞ of Riesz transforms for Dunkl transform has been proved by adapting the classical L p -theory of Caldron-Zygmund, and so the Riesz transforms can be defined as bouned operators on L p . Recently, the Riesz transforms were defined in a weak sense on L 1 (see [1] ), and the it was shown in [1] , [4] and [7] 
Preliminaries
On the Euclidean space equipped with the sdandard inner product x, y = N x j y j j=1 associated with norm x and a nonzero vector α ∈ R N , the reflection σ α with respect to the orthogonal hyperplane α ⊥ is given by
In this paper we shall assume k 0. Given a root system R and a multiplicity function k, the Dunkl operators T ξ , ξ ∈ R N , are the following deformations of directional derivatives ∂ ξ by difference operators:
Here R + is any fixed positive subsystem of R,. The Dunkl operators T ξ , which were introduced in [5] , commute pairwise and are skew-symmetric with respect to
. dm k (x) is a doubling measure, that is, there is a constant C > 0 such that
Let e j , j = 1, 2, ..., N, denote the canonical orthonormal basis in R N and let T j = T ej . The operators ∂ ξ and T ξ are interwined by a Laplace-type operator
associated to a family of compactly supported probability measures µ x | x ∈ R N . Specifically, µ x is supported in the convex hull co(G·x), where G·x = {g · x| g ∈ G} is the orbit of x For fixed y ∈ R N , the Dunkl kernel E(x, y) is the unique analytic solution to the system
For any fixed point x and a ball B(x, r) with center x, let B * = B(x, 2r) and
Define the distance of the orbits G · x and G · y (see [7, 4] ),
Riesz transforms for Dunkl transform
The Riesz transforms in the Dunkl setting are defined by
It has been proved in [8] that
Clearly,
If ϕ ∈ T k , then ϕ ∈ C 0 (R N ) and R j ϕ ∈ C 0 (R N ) ∩ L 2 (m k )(see [1] ). Define Riesz transform for f ∈ L ∞ in a weak sense as a function on T k :
and that
Lemma 3.1. The formula (3.2) can be extended to L ∞ in a weak sense.
Proof. For all ϕ ∈ T k and f ∈ L ∞ (m k ), 
Then by the L p boundedness of the Riesz transform for all 1 < p < ∞(Lemma2.2),
Note that (R N , m k ) is a space of homogenous type(see [2, 7] ),
Then following the classical method by [6] , we have (B(x,r) ) B(x,r) |R j f 1 (y)| 2 dm k (y)
where the infimum is taken over all representations of f as above. [4] ) The spaces H 1 △ and H 1 atom coincide and the corresponding norms are equivalent, that is, there is a constant C > 0 such that
Consider the space 
Following the method of Ronald R.Coifman and Guido Werss for homogeneous spaces(see [3] , p.632), we get the following result. Proof. By the classical method in [6] , for any function ϕ ∈ (H 1 Riesz ) * ,
where ϕ 0 , ϕ 1 , . . . , ϕ j ∈ L ∞ (m k ). By Theorem 3.2, any function that can be written as (4.1) belongs to the BM O space. Then by Lemma 4.6, combined with Theorem 4.4 and Theorem 4.5, Theorem 4.7 is proved.
